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I. Introduction

Gradients are a key ingredient in optimisation, uncertainty quantification or flow control1 and can be
computed efficiently using the adjoint method.2 Adjoint gradients of flow problems can be computed by
discretising the adjoint flow equations (leading to the continuous adjoint approach), or by differentiating
a flow solver using techniques such as algorithmic differentiation (the discrete adjoint approach).

Unsteady flow problems pose challenges to continuous and discrete adjoint methods. The memory
requirements become prohibitive as discussed in II, since the full flow trajectory needs to be known
to compute the adjoint field. In addition, chaotic behaviour in the flow naturally leads to divergent
intermediate values in the adjoint field. This is an inherent property of the sensitivities of chaotic flow.
Other authors have presented methods such as least-squares shadowing3 to obtain a well-defined adjoint
solution in these cases, but with a runtime and memory footprint that is infeasible for large applications.

In previous work, we presented checkpointing with time gaps as an approach to reduce the memory
requirements of unsteady adjoint methods while retaining most of the solution accuracy.4 The method
was shown to be cheap and yield good compression ratios at a reasonable accuracy, but had stability
problems for high ratios. We further demonstrated spatial checkpoint coarsening based on a geometric
multigrid sequence,5 which was effective in improving the stability of adjoints for chaotic flow.

In this work we improve both the spatial and temporal coarsening methods and combe them on a more
challenging test case. The spatial coarsening method is extended by considering a multigrid sequence that
is tailor-made for incomplete checkpointing, in contrast to our previous work where we used a standard
cell-collapsing scheme with semi-coarsening. The temporal coarsening is extended by considering time-
averaged checkpoints instead of the snapshots that we used in the previous work. With this we stabilise
the method. The effectiveness of these approaches is shown on a U-shaped internal turbine blade cooling
passage6–8 simulated with implicit LES, which was shown to be more appropriate than RANS for this
test case.9 The test case has been used by other authors for steady adjoint-based shape optimisation,8

the flow has been studied in simulations6 and experiments.7

II. Unsteady adjoint and coarse checkpointing

The viscous unsteady flow equations, including the DES or LES turbulence model, can be written as

∂U

∂t
+ R(U) = 0,

and discretised in space and time and solved forward in time. The unsteady adjoint system reads

−∂v

∂t
+

(
∂R

∂U
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v −
(
∂J
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)T

= 0

and can be discretised in time by using the same operators as in the primal case, and in space by using
either the continuous or discrete adjoint approach. The system is solved backwards in time, where the
solution of the adjoint equation at each time requires the primal flow field at that time step. If the memory
is insufficient to store the flow trajectory, checkpointing13 is commonly used to recompute the transient
flow field starting from selected stored time steps. An alternative that is discussed in the literature is
checkpoint compression.14 However, both approaches increase the computational effort.
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We use a CFD solver with implicit LES on unstructured grids and dual timestepping using an implicit
solver to converge the inner iterations as presented in.10 The adjoint solver is generated using the
automatic differentiation tool Tapenade11 with some hand-coded optimisations for improved speed.12

The routine to store checkpoints in the flow solver is augmented by using the standard multigrid
restriction operator to transfer the solution to the coarse mesh. The approximate solution is restored
during the adjoint computation using the multigrid prolongation operator. The temporal coarsening is
performed by combining several time steps to form an average. During the adjoint computation, we use
linear interpolation to blend from one averaged snapshot to another.

III. Results
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Figure 1: Left: LES flow and location of flow control. Middle: Sensitivity of pressure loss to flow control
using spatial checkpoint coarsening. Right: Divergence of sensitivities without checkpoint coarsening
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