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Estimations of errors are one of the critical pointers while improving the fidelity
and correctness of CFD program. Convection dominated numerical simulations of aero-
dynamic flows are largely affected by spatial discretization. Importance of generating
appropriate mesh for such CFD simulations demands special attentions, as improper
resolution at area which affect the output of interest, can have severe consequence. It is
in this predicament, output-based adaptation methodology, which take into account the
error escalation effects, can be advantageous. The additional implementation cost for
adjoint solver is trivial compared to its reduced computational cost. Error estimation
and adaptive indicators in a specific solution for a functional output can be determined
by adjoint method. This article focuses on the recent advancements on error estimation
techniques in computational fluid dynamics. In this paper, adjoint methodology is used
to extend error estimation in which the true error is not employed rather output error
is approximated as an inner product of the residuals and the adjoint variables associated
with the functional output. Adjoint solver has been developed using the in house CFD
code RED which is based on Residual distribution Scheme. Algorithmic differentiation
tool dco/c++ is used to implement the adjont code. Additionally, output error based
mesh adaptation techniques are also reviewed.

I. Introduction

The use of adjoint-based CFD simulation is becoming increasingly prevalent in the design process
within the industry. Continuing developments in both computing technology and algorithmic development
are ultimately leading to attempts at simulating ever-larger, more complex problems. The efficiency of
the underlying numerical algorithms is critical and is often the decisive factor in the applicability of
computational fluid dynamics as a feasible analysis tool in design. Among the difficulties associated with
increased problem complexity are the large number of degrees of freedom required to accurately predict
the flow field.

One of the well practiced strategies to minimize the required mesh size for a specified accuracy
category, is grid adaptation. The basic idea is to locally refine the grid in regions which most adversely
affect the exactness of the final solution at the same time coarsening the grid in more unimportant
regions to prevent incurring unnecessary computational costs. The usual practice is to adapt to certain
physical features of the flow, such as shock waves, or stagnation points, by implementing pointers based
on large flow gradients or some times second derivatives in combination with gradients. Yet, endless
local refinement of the governing flow features does not necessarily insure that certain estimates of the
global error will concurrently be reduced. Another strategy is to develop adaptive criteria based on a
posteriori error estimates. Usual approaches has been to use local gradient recovery method to obtain
higher order projections of gradients of the solutions. The solution is then analyzed with the higher
order projection to estimate the error. For elliptic problems this procedure provides accurate error
estimates using particular norms of the solution and its derivatives. For convection-dominated problems,
as we encounter in aerodynamic applications, these method of error estimation yield inaccurate error
approximation.

One of the alternative approach to make error estimation more relevant to engineering applications is
to estimate the error made in predicting and integral quantity representing an output engineering interest.
For example, in aerodynamic applications, this output might be the lift or drag. These approach invokes
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the concept of duality, in which an equivalent adjoint formulation of the primal problem is utilized. The
primary benefit of exploiting the dual problem, in the context of error estimation, is that the error in
a selected functional can be directly associated to local residual errors of the primal solution through
the adjoint variables. The error can be evaluated as an inner product of the local residual errors and
the adjoint solution. This property unveils the potential to formulate optimal grid adaptive strategies
designed to produce specially attuned grids for maximizing the accuracy of a specific cost function.

In principle, adjoints are computed via two methods: Continuous and Discrete. In the continuous
method, adjoints are computed by deriving the adjoint equations of corresponding state variables and
boundary conditions and then are solved using similar schemes as that of the primal. The discrete ap-
proach using Algorithmic Differentiation (AD)3 is implemented either by source transformation or by an
operator overloading tool. For an object-oriented code in C++ like RED, the use of an operator over-
loading tool becomes imperative. A convenience associated with the discrete approach is that the adjoint
equation and corresponding boundary conditions need not be derived and discretized explicitly. Linear
sensitivities of the cost function and the Jacobian matrix related with the primal residual are needed for
the implementation of the procedure. The adjoint boundary conditions are automatically incorporated
into the formulation via the primal residual operator. Experience from the different optimization proce-
dure shows that adjoints of Residual Distribution Scheme1 like algorithms have high computational cost
even after employing standard performance improvement techniques. Intermediate values from the whole
iteration history need to be stored in order to obtain the sensitivities. Thus, In this paper we also look at
effective techniques4 to tackle this problem. Symbolic treatment of the non-linear solver further reduces
memory requirement largely with minor increment in runtime. As well as it provides adjoint vector which
is key to the Output-Based Error Estimation.2
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